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A UNIFIED METHOD OF NUMERICAL CALCULATION OF THE CONJUGATE PROBLEM
OF HEATING BODIES BY LIQUIDS IN CONCURRENT FLOW AND COUNTERFLOW

V. V. Sapelkin UDC 536.24

A unified algorithm is proposed for the solution of conjugate problems of heat
exchange in one-sided and two-sided heating of solid bodies in concurrent flow
and counterflow.

In connection with the development of the parameters of the heat-transfer agents used in
modern heat exchangers, it becomes necessary to increase the accuracy of calculation of the
temperature fields in their elements. Therefore, it is preferable to solve heat-exchange
problems in a conjugate statement. 1In the creation of heat exchangers this makes it possible
to reduce their energy capacity and metal content and to increase their productivity by an
average of 107% [1].

The mathematical formulation of the problem in a conjugate statement includes the energy
equation for the heat transfer agent and the heat-conduction equation for the solid body,
as well as, apart from the usual boundary conditions, the conditions at the surface of the
body bathed by the heat-transfer agent (the internal boundary conditions). The semidetailed
and the detailed conjugate problems of heat exchange should be distinguished. 1In the first
case the temperature field in the heat-transfer agent is described by a quasi-one-dimensional
energy equation and the internal boundary conditions have the form of boundary conditions
of the third kind. In the second case, two- and three-dimensional energy equations are con-
sidered and the internal boundary conditions are boundary conditions of the fourth kind.

Major progress has now been achieved in the solution of conjugate problems of heat ex-
change through the use of modern numerical and analytic methods. This pertains primarily
to problems of heating of bodies in one-sided and two-sided concurrent flow over them [2-5].
At the same time, methods of solving conjugate problems of heat exchange between solid bodies
and heat-transfer agents in counterflow are less well developed. The existing semianalytic
methods [6-8] have limited application and, in addition, they reduce the problem to an infinite-
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Fig. 1. Diagram of heating of the dividing wall 3 by the heat-
transfer agents 1 and 2 in concurrent flow (a) and counterflow

(b).

dimensional system of algebraic equations, the numerical solution of which is comparable in
complexity with the direct numerical solution of the problem. The application of numerical
algorithms, successfully used in the solution of conjugate problems with one-sided heating,

to the solution of the problem of heating of bodies by heat-transfer agents moving in counter-
flow leads to the necessity of iterations, even if the original algorithm is noniterative.

In the present article we consider a unified economical method of numerical solution
of conjugate problems of heat exchange, in both the detailed and semidetailed statements,
for one-sided and two-sided concurrent flow and counterflow over a solid body by heat-trans-
fer agents, in orthogonal coordinate systems, the coordinate lines of which coincide with
the boundaries of the solid body (in this case the temperature field of the heat-transfer
agents can be analyzed in other coordinate systems). The method is developed for the case
when heat transfer by heat conduction in the heat-transfer agents in the direction of their
flow can be neglected.

The flow schemes and the cylindrical coordinate systems used for determinacy are pre-
sented in Fig. 1. The coordinate system (r;, z;) is used to describe the heating of the
dividing wall 3 by the heat-transfer agents 1 and 2 in concurrent flow (see Fig. la), while
in the case of counterflow (see Fig. 1b) the heat-transfer agent 1 and the wall 3 are
analyzed in the coordinate system (r;, z;) while the heat-transfer agent 2 is analyzed in
the coordinate system (r,, z,), with r; =1, =r and z; = L — z;. We analyze the method on
the example of the counterflow of heat-transfer agents (see Fig. 1b).

The temperature field in the dividing wall is described by the nonsteady equation of
heat conduction
o8, 1 0 (%), 7
r()(ar, 0z}’ (1)

0<t<T, R<r<R, 0<z<L.

N

The initial and boundary conditions at the ends of the wall at z; = 0 and z; = L are unimport-
ant for the further presentation and can be of any kind. For determinacy we take

b
Q;=06;3(r, 1), 0<I<KT, Ri<r<<Ry, 2, =0,
=050, ), 0<t<T, Ry<r< Ry 2, =1, (2)
:%Uﬂﬂt:QRl <Ry, 0 <L

Let us consider the main idea of the algorithm on the example of the semidetailed con-
jugate problem. The temperature fields in the heat-transfer agents are described by the quasi-
one-dimensional, nonsteady energy equation

99 +gq l— =0;(0,:—9), 0<i<T, 0<z, <L (3)

at 0z i
with the boundary conditions

=0%), t=0, 0<z <L, (4)
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0, =), 0<t<LT, 2= 0.

Here i = 1, 2 while the functions on the right sides of Eqs. (2) and (4) are given, with 0°1(0) =
ob;(0); pi, gi, and oi are constants.

Boundary conditions of the third kind are considered at the surfaces of the wall bathed
by the heat-transfer agents, with the temperature of a heat-transfer agent being determined
from Eq. (3):

i1 00
(—1 i 0‘? = 0;(0,; — 6;),
g (5)
0<tiCT, r=R;, 0<z;<L.
In the region occupied by the dividing wall we introduce the grid W= wr x wzy. where
0, ={r,=R,-Lnh, n=0,1, ..., N,, h, = (R,— R)IN,},
521 = {2(D . mh,, m=:0, 1, ..., N, hy=LIN,},
as well as the time grid
O = {t; = jv, Liprjs=t;+ 72, j=0,1, ..., jo, T =T/jo}-
We approximate the differential operators on the right side of Eq. (1) by difference analogs:
0%,
i —A;, 6% — L) (6)
( 99 ~+Ar@<3> . (-1—) (o), (7)
r
;Z Th—rj2 = 05(fn +fn_1)

We approximate the boundary conditions (5) in the solution of Eq. (1) by the difference
scheme [9]

RIan 0; i IZv' -
(=1 o)+ O — - (Bl), — 00y =6f" (8)
where
,Y:{Nr_l/Qv =2 § = F,l.=2,
12, i=1, r, i =1.

Using (6}, {(7), and (8), we write the following locally one-dimensional scheme:

@IHI/Z A @I R < <Ry 0 < <L, (%a)
QW2 0, rymery = Ry, 0<zi) <L, (9b)
82_3),'4—1/2 0, r, = ru, =Ry, 0 <2V <L, (9¢)

O T o A, @DIT R < r <Ry, 02 < L, (10a)
OO — @RV R <1y < Ry, 2t = 2" = 0, (10b)
OIF! — ORI, Ry <rn <R, 2'=zk) =L, (10c)

@E_ Vi1 - Az, @( TS S U (®$zlu))]+1 o @(1)/1—1) Yz 1/2 0(3)]_'_1 o= ry = Rly 0 < Z(I) L (11&)

h, Ry 4, ’
ft 3)i+ i [
O O, e = Ry, oz ) -0, (11b)
(3)j4-t (3)j4-1 A (1Y __
18) A+t (.‘.)(e;/{ R T Rh Lfn) s ZNZ = L; (110)

1235



. . y . i
0, @%_1)1 1 + g @;,I)H‘I =g (@((m})” o @U)H‘I)’ 0< 2z, <L,

@it @it D gD, (114d)

QI L A QO T (@@t @ity Iimlfz @i+t n =, - Ry 0<<zi’ <L, (1le)
h, Ryh,

OEF L @RI £, =y, = Ry, 20 = 2D =0, (12a)

QI By e Ry, 2D ) =1L, (12b)

0 ORI g DIt _ g (82T — @i+l 0< 29 <L, (12¢)

ORI @)t AP P = 0 (124)

with the initial conditions at t = 0

0 = 00 (ra, 24, 0~ O} (@), =1, 2.

In contrast to the traditional locally one-dimensional scheme [10], here in the boundary
conditions at the heat-transfer-agent—wall interface (8), written for the time j + 1, the
derivatives with respect to both coordinates are retained, (l1la) and (12a) for i = 1 and i
= 2, respectively. This allows us to separate the initial difference problem into four dif-
ference problems: two for the heat-conduction equation at the time j + 1/2 with respect to
the r coordinate [(9a)-(9c)] and at the time j + 1 with respect to the z; coordinate [(10a)-
(10c)] and two for the energy equations [(1la)-(lle) and (12a)-(i2e)] at the time j + 1. One
can see that the difference problems at 'whole" times are independent of each other and can
be solved autonomously. We note that Eqs. (lla) and (12a) coincide in form with the nonsteady
heat-balance equation for a solid body for which the thermal resistance in the transverse
direction can be neglected in comparison with the longitudinal thermal resistance.

The solutions to the systems of difference equations (9a)-(9c) and (10a)-(10c) can be
obtained by the usual trial-run method [10]. As for the systems of difference equations
(11a)-(1le) and (12a)-(12e), the usual trial-run method is inapplicable for their solution.
This is connected with the fact that for equations (a) of these systems of equations we have
a boundary-value problem, while for equations (d) we have a problem with the initial condition
(e). The application of iterations brings none of the advantages given by the proposed local-
ly one-dimensional scheme. Therefore, we consider a direct method of solving the systems
of equations (1la)-(1le) and (12a)-(12e).

If we change from the variable z; to the variable z, in Eq. (12a), then the systems of
equations under consideration will be identical, since (ﬁ3’ ;;@gﬂ , and, omitting the indices
j + 1 and n, they can be rewritten in the form e

— Am @,(1'?_)__1 + C"L Q")l(nj) - Bm 97(7?—{)1 - Rm, + Gm(’),(”%) ’ (133)
R e TS Ny A
N, i=2,

3 13b
o = off), of) = o), (130)
o = D}n’@f,il + ‘”@,‘,?’ + Sk, (13¢)

m-=12 ..., N,

(i) __ @)

Qp’ == O(b) . (13d)
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Am = By =i (14)
Cm. == 'f‘ Am '}‘ Bm + 0L'T/h'r '}“ rv/(Ri h(i),
Ry = 14 1y 80 c1yie [ (Rili7),
N, 12, i =2
12, =1,

0(*)p,y+(-1)i/2 being the solution to the system of equations (10) with n = vy + (-1)1/2,

Gm = Gif/hr’ Vo {

DY = (qi/h))(pilv - qifhy - 67) >0,
ED = ;DY [ (q:h,) >0, (15)
S5 = (0:0%7 1D 1 (g: [ ) > 0.

We assume that the following relations are satisfied at layer m:

@,(,f) == Oy ®£r?) + ﬁmv (16a)

O = PrORLli + Qe (16b)
Eliminating 0(3), from (16a) and (16b), substituting the resulting expression into Eq.
(13c), and preliminarily replacing the index m by m + 1, we obtain

@ﬁill=am+x®$11%‘ﬁm+p (17)
where
Gnsr = (Dith1 G P+ Eriba); (18a)
Btz = Dbt (@mQm 4 B) + Shikr - (18b)
Analyzing Eq. (13a) at layer m + 1, using Eqs. (16b) and (17) we write
®$41¥‘Pm+1®$124‘Qm+p (19)
where
Popt1 = Bpppa | (— Ay P — Gy O+ C s (20a)
Qm+1 = (Rm+1 ‘;_ Gm+1Bm+Am+1Qm) Pm+1/Bm+1~ (ZOb)

At layer m = 0, comparing (16a) and (16b) with the boundary conditions (13d) and (13b), re-
spectively, we have

e = 0, fy — Off), (212)

Py =0, Q- 8F) . (21p)

For boundary conditions different from (13b) the latter relations must be altered appropri-
ately.

A direct trial run by Eqs. (18) and (20) for each time j gives the coefficients of the
recurrent relations (16), from which the values of the grid function @(S)m and O(i)m (m =
1, 2, ..., Nz — 1) are found by an inverse trial run. If the coefficients pj, qi, and oj of
Eq. (3) are functions of 0i, then this method of solving the system of equations (13) must be
combined with iterations.

Using the method of [10], one can show that the modified trial-run method described is
stable with respect to random errors and is well-posed, since [Pm| £ 1 and |am| <1 (m+ 0, 1,
., Nz — 1) and the denominators of Eqs. (20a) differ from zero.

Thus, all four systems of equations are solved by direct (noniterative) methods using
the usual or modified trial runs. This means that the locally one-dimensional scheme con-
sidered here is economical, i.e., it requires the order of 0(l) operations per grid node.

As for the accuracy of the scheme, by applying the method of [9] one can show that the scheme
(9)-(12) converges uniformly to the exact solution of the initial boundary-value problem (1)-
(5) at a rate O(hgz + hy + 1).
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This method of constructing a locally one-dimensional scheme can also be applied to the
solution of the detailed conjugate problem of heat exchange. In this case, instead of Egs.
(2) and the boundary conditions (5), one must consider the nonsteady energy equation

00, 90, 00; 1 0 ( 0®i> (22)
i St A dy = — bir + &
i ot e 0z; or r or or
i=10

i=1,2 0<t<T, }<r<IR1,l 0<z; <L

1:":2, R2 lR‘}’ 122’

with internal boundary conditions of the fourth kind

90, 20,
0;= 6, L =K, -,
: or or
0<i<T, r=R;, 0<z;<L, i=1, 2. (23)

The finite~difference approximation of Eq. (22) has the index form

. 5y i1 . N s IR . .
- Al(ﬂl,)/l l(nz,)rlzil “I‘ Cl(nl,)rz 62(;,);1-}—1 _'Br(r:,)u @r(r{,)/lzjl-—l = FI(T:?FL » R (24)

where the free term can be

; s )71 s
Fr(nl,)n :anl,)n@r(rfyl—i:n"l‘ z('ri,)n

t

The internal boundary condition is approximated by an expression of the type

8 — 09, 0<t; KT, ra=Ry, 0< 2’ <L, i=1,2, (25)

(1t e e — fa
:{N,—I/Q,i:Q,Sj{F,iZQ, 8:{r,i=2,
12, i=1, r, i=1, r,i=1.

i 3)
oL — 6f”,

Splitting the condition (26) by analogy with the condition (8) [Egs. (9b) and (lla) for

i = 1 and (9¢c) and (12a) for i = 2] and replacing Eqs. (1lla) and (12a) and Egqs. (11d) and
(12d) of the locally one-dimensional scheme (9)-(12) by Eqs. (25) and (24), respectively,

we obtain a locally one-dimensional scheme for the detailed conjugate problem having the same
properties as that considered earlier. A noniterative algorithm for the solution of a system
of equations of the type (24)-(25) was proposed in [11]. A proof that it is stable and well-
posed is also given there and calculations by this algorithm are presented. Thus, the local-
ly one-dimensional scheme constructed in combination with the algorithm from [11] is also
economical and requires O(l) operations per grid node.

In conclusion, we note that the method of splitting the internal boundary condition
(25) under consideration makes it possible, in a computer realization of the locally one-
dimensional scheme for solving detailed conjugate problems of heat exchange, to use ready-
made programs for solving a heat-conduction equation by the locally one-dimensional method
and an energy equation of the type (22). Since in the algorithm of {11] it is required to
solve a difference equation of the type (24) twice at each layer m, the total time Tc for
solving the conjugate problem is approximately equal to Te = T'!/¢ + 2nT 2)¢, where T(1)¢
and T\?/; are the times of solution of the heat-conduction and energy equations, respective-
ly, while n = 1 for one-sided heating and n = 2 for two-sided heating in concurrent flow or
counterflow.

NOTATION

04, O(i), dimensionless temperatures of heat-transfer agents (i = 1, 2) and the wall
(i = 3) and their %rid analogs; Owi, ©‘\1/(w), temperature of the wall surface at r = Ri and
its grid analog; 00,, ols (b), temperature of the wall surface at z; = 0 (beginning) and
its grid analo%; 0¢;, 0'3)(¢), temperature of the wall surface at z; = L (end) and its grid
analog; 6%, © 1)(0), temperatures of the heat-transfer agents (i = 1, 2) and the wall (i =
'3) at t = 0 and their grid analogs; oby, O(i)(b), temperatures of the heat-transfer agents
(i =1, 2) at the channel entrance (zj = 0) and their grid analogs; 0Jm,n (Om), index desig-
nations of the grid analogs of the temperatures introduced in (24) and (13); t, dimension-
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less
(i =
less
grid
time

10.
11.

time; r, zj, dimensionless spatial coordinates; Ri, radii of the inner (i = 1) and outer
2) surfaces of the wall and of the outer (i = 3) channel; L, wall length; oi, dimension-
heat-transfer coefficient; Kg, conjugation number; hr, hz, 1, steps of the space—time

in the directions r, z;, and t, respectively; m, n, j, coordinates of nodes of the space—
grid; Oy = (Op4y = 0)/hy; OF = (O — Op-1)/hy; 07y = (0 — 0F)/hy,
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